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Navarro’s refinement of the Alperin weight
conjecture

In 2004, Navarro refined the Alperin weight conjecture by
incorporating Galois automorphisms. The resulting conjecture, called
the Navarro–Alperin weight (NAW) conjecture, asserts that the bijection
predicted by the Alperin weight conjecture can be chosen to be
equivariant under the action of Galois automorphisms.

In 2011, Navarro and Tiep reduced the Alperin weight conjecture to
finite quasi-simple groups. They formulated the inductive Alperin
weight condition and proved that, if this inductive condition holds for
all finite quasi-simple groups, then the Alperin weight conjecture is
valid for all finite groups.

There exists a series of reductions of the so-called global–local
conjectures (including the Alperin weight conjecture) in the literature,
carried out by Isaacs, Malle, Späth, and others.
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The inductive condition and character triple

These inductive conditions for finite quasi-simple groups usually
consist of two parts. First, they require the existence of a bijection
predicted by the conjecture that is equivariant under the action of
group automorphisms. Second, the corresponding characters appearing
above are required to share the same cohomological properties.

The language of character triples and their (central- or block-)
isomorphisms is devoted to describing the cohomological properties
mentioned above.

In this talk, we introduce these concepts and the related key results,
and then refine them by considering Galois automorphisms.
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Character triples, projective representations and
factor sets.

F : finite field, char k = p > 0, big enough for all considered groups

(Modular) Character triple: (G,N , θ), consists of finite groups N ⊴ G
and a G-invariant θ ∈ IBr(N )

Projective representation associated to (G,N , θ) : A map

P : G → Ml(F)×

satisfying (i) ResGN (P) affords θ,
(ii) P(g)P(n) = P(gn) and P(n)P(g) = P(ng), n ∈ N , g ∈ G.

Factor set of P : The map α : G × G → F× satisfying

P(g)P(h) = α(g, h)P(gh), ∀g, h ∈ G.

It descents to ᾱ : G/N × G/N → F×.
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The isomorphism between character triples

Let (G,N , θ) and (H ,M, φ) be char. triples, such that ϵ : G/N ∼= H/M .
Let P and P ′ be their associated proj. rep., respectively.

If the factor sets ᾱ of P and ᾱ′ of P ′ coincide via ϵ, then for every
middle subgroup N ≤ J ≤ G, (ResGJ P,ResHJ1P

′) determines a bijection

νJ : IBr(J | θ) → IBr(J1 |φ), where ϵ(J/N ) = J1/M.

as both sides correspond to irr. rep. of the twisted gro. alg. Fᾱ−1(J/N ).

If this happens, we say that ν := {νJ |N ≤ J ≤ G} is the isomorphism
between these two character triples, and it is given by (P,P ′).
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Reduction of a character triple to one with central
subgroup

The reduction of Navarro–Tiep for the Alperin weight conjecture is
carried out by induction on the order of the group. In the inductive
process, a key step is to replace a character triple by one with central
subgroup.

Let (G,N , θ) be a character triple. Then there exists another character
triple (H ,M, φ), with M central in H , together with an isomorphism ν
between them.
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Galois automorphisms and H-triples

(K,O, F): p-modular system
H := Aut(O), can be regard as automorphisms of F
Assume that K and F are big enough for every considered finite group,
F is finite, and H contains every automorphism of F .

(G,N , θ)H: (Modular) H-triple, consists of finite groups N ⊴ G, and
θ ∈ IBr(N ) such that G = GθH , where θH is the H-orbit of θ and GθH is
the stabilizer of θH in G.
Note that Gθ , the stabilizer of θ in G, is normal in G, and (Gθ,N , θ) is a
character triple.
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Projective representations associated to H-triples
(inspired by the work of Turull)

Let (G,N , θ)H be an H-triple, and let E := Fp[θ] ⊆ F be the field
extension of the prime field Fp by adjoining the values {θ(x)∗ | x ∈ Np′}
of θ in F .

E-realized rep. X of θ: A rep. X : N → Ml(F)× affording θ, with every
X(n) contained in Ml(E)× (regard Ml(E) ⊆ Ml(F)).
Such a rep. always exists, since the Schur indices of modular
representations are trivial

Let s = [E : Fp]. Regard Ml(E) ⊆ Mls(Fp) (EndE(V ) ⊆ EndFp(V )).
Double centralizer theorem: Ml(E) and E are both centralizer of each
other in Mls(Fp).
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Projective representations associated to H-triples

Let (G,N , θ)H be an H-triple, E = Fp[θ] and s = [E : Fp]. Regard
Mθ(1)(E) ⊆ Msθ(1)(Fp).

A proj. rep. associated to (G,N , θ)H is a map

P : G → Msθ(1)(Fp)×

satisfying (i). P(n) ∈ Mθ(1)(E),∀n ∈ N , and ResGN (P) is a E-realized rep.
of N affording θ.

(ii) P(g)P(n) = P(gn),P(n)P(g) = P(ng), g ∈ G, n ∈ N .

The double centralizer theorem guarantees that P(g) is unique up to
multiplication by an element of E×. Thus, for every g, h ∈ G, there
exists α(g, h) ∈ E× such that P(g)P(h) = P(gh)α(g, h).
The map α : G × G → E× is the factor set of P.
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Projective representations associated to H-triples

Indeed, α ∈ Z2(G, E×), where g ∈ G acts on E× via the automorphism
σ ∈ H such that (σ, g) stabilizes θ. Recall that θ(σ,g)(n) = θ(gng−1)σ.
This action is well-defined.

CG(E×) = Gθ.

α descents to an ᾱ ∈ Z2(G/N , E×).
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The isomorphism between H-triples

Let (G,N , θ)H and (H ,M, φ)H be H-triples such that ϵ : G/N ∼= H/M.

We say they are isomorphic if
(i). (H× G/N )θ = (H× H/M)φ, via ϵ.
This implies that Gθ/N = Hφ/M , and that Fp[θ] = Fp[φ] by Hθ = Hφ

(fundamental Galois theorem).
(ii). There exist proj. rep. P,P ′ associated to (G,N , θ)H, (H ,M, φ)H
with factor sets ᾱ, ᾱ′, resp., such that ᾱ = ᾱ′ via ϵ.

If this happens, then for every middle subgroup N ≤ J ≤ Gθ, the
bijection

νJ : IBr(J | θ) → IBr(J1 |φ),

determined by (ResGJ P,ResHJ1P
′), is (H× NG/N (J/N ))θ-equivariant.
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Reduction of an H-triple to one with central
subgroup

A key result is:
Any H-triple (G,N , θ)H is isomorphic to one (H ,M, φ)H with M central
in Hφ.

Sketch of proof:
(i). Let P be a proj. rep. associated to (G,N , θ)H with factor set
α : G × G → Fp[θ]×.
(ii). Set Ĝ = {(g, z) | g ∈ G, z ∈ Fp[θ]×}, forming a group with
multiplication (g, z1)(h, z2) = (gh, z1z2α(g, h)).
(iii). Set N̂ := {(n, z) | n ∈ N , z ∈ Fp[θ]×} and N0 := {(n, 1) | n ∈ N}.
Both are normal in Ĝ.
(iv). Set H := Ĝ/N0 and M := N̂/N0, and φ is induced by the
identification M ∼= Fp[θ]× (or inverse).
(The procedure is similar with the case of character triples.)
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(ii). Set Ĝ = {(g, z) | g ∈ G, z ∈ Fp[θ]×}, forming a group with
multiplication (g, z1)(h, z2) = (gh, z1z2α(g, h)).

(iii). Set N̂ := {(n, z) | n ∈ N , z ∈ Fp[θ]×} and N0 := {(n, 1) | n ∈ N}.
Both are normal in Ĝ.
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(iv). Set H := Ĝ/N0 and M := N̂/N0, and φ is induced by the
identification M ∼= Fp[θ]× (or inverse).
(The procedure is similar with the case of character triples.)

FuQulei A reduction of the NAW conjecture and its blockwise version 12 / 14



Reduction of an H-triple to one with central
subgroup

A key result is:
Any H-triple (G,N , θ)H is isomorphic to one (H ,M, φ)H with M central
in Hφ.

Sketch of proof:
(i). Let P be a proj. rep. associated to (G,N , θ)H with factor set
α : G × G → Fp[θ]×.
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Remaining questions

(i). Can this procedure be carried over to ordinary H-triples?

(ii). Can the result (i), if established, be useful for the reduction of the
Alperin–McKay–Navarro conjecture? The latter still remains open.
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